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1 Introduction
A partition λ of a positive integer n is defined to be a sequence of nonnegative
integers (λ1, λ2, . . . , λm) such that λ1 + λ2 + · · ·+ λm = n and λ1 ≥ λ2 · · · ≥ λm.
The empty partition is denoted by ∅. We write λ = (λ1, λ2, . . . , λm) ⊢ n and we
say that n is the size of λ, denoted by |λ|. The Young diagram of λ is defined
to be an up- and left- justified array of n boxes with λi boxes in the i-th row.
The hook of each box B in λ consists of the box B itself and boxes directly to
the right and directly below B. The hook length of B, denoted by h(B), is the
number of boxes in the hook of B.
For a partition λ, the β-set of λ, denoted by β(λ), is defined to the set of hook
lengths of the boxes in the first column of λ. For example, Figure 1 illustrates
the Young diagram and the hook lengths of a partition λ = (5, 3, 3, 1). The β-set
of λ is β(λ) = {8, 5, 4, 1}. Notice that a partition λ is uniquely determined by
its β-set. Given a decreasing sequence of positive integers (h1, h2, . . . , hm), it is
easily seen that the unique partition λ with β(λ) = {h1, h2, . . . , hm} is
λ = (h1 − (m− 1), h2 − (m− 2), . . . , hm−1 − 1, hm).
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Hence, we have
|λ| =
m∑
i=1
hm −
(
m
2
)
. (1.1)
8 6 5 2 1
5 3 2
4 2 1
1
Figure 1: The Young diagram of λ = (5, 3, 3, 1).
For a positive integer t, a partition is said to be a t-core partition, or simply
a t-core, if it contains no box whose hook length is a multiple of t. Let s be
a positive integer not equal to t, we say that λ is an (s, t)-core partition if it
is simultaneously an s-core and a t-core. Anderson [5] showed that the number
of (s, t)-core partitions is the rational Catalan number 1
s+t
(
s+t
s
)
when s and t are
coprime to each other. The proof of Anderson’s theorem is through characterizing
the β-sets of (s, t)-core partitions as order ideals of the poset Ps,t, where
P(s,t) = N
+ \ {n ∈ N+ | n = k1s+ k2t for some k1, k2 ∈ N}
whose partial order is fixed by requiring x ∈ Ps,t to cover y ∈ Ps,t if x−y is either
s or t.
Simultaneous core partitions have been extensively studied. Results on the
number, the largest size and the average size of such partitions could be found in
[1, 3, 4, 6, 8, 10, 12, 14, 15]. Recently, Straub [11] and Xiong [13] independently
showed that the number of (s, s+1)-core partitions into distinct parts is given by
the Fibonacci number Fs+1, which verify a conjecture posed by Amdeberhan [2].
In [13], Xiong also obtained results on the the largest size and the average size
of such partitions, which completely settle Amdeberhan’s conjecture concerning
the enumeration of (s, s+ 1)-core partitions into distinct parts.
In this paper, we are mainly concerned with the number and the largest size
of (2k + 1, 2k + 3)-core partition into distinct parts, which verify the following
two conjectures posed by Straub [11].
Conjecture 1.1 If s is odd, then the number of (s, s + 2)-core partitions into
distinct parts equals 2s−1.
2
Conjecture 1.2 If s is odd, then the largest size of (s, s+2)-core partitions into
distinct parts is given by (s
2−1)(s+3)(5s+17)
384
.
2 Proof of Conjecture 1.1
In this section, we aim to confirm Conjecture 1.1. We begin with some definitions
and notations.
Throughout the article, we will follow the poset terminology given by Stanley
[9]. Let P be a poset. For two elements x and y in P , we say that y covers x if
x ≺ y and there exists no element z ∈ P such that x ≺ z ≺ y. Let P be a graded
poset. An element x in P is said to be of rank s if it covers an element of rank
s− 1. Note that the elements of rank 0 in P are just the minimal elements. The
Hasse diagram of a finite poset P is a graph whose vertices are the elements of
P , whose edges are the cover relations, and such that if y covers x then there is
an edge connecting x and y and y is placed above x. For example, in the Hasse
diagram of Pt,t+1, each element x of rank s covers exactly two elements x− t and
x − t − 1 of rank s − 1 for all 1 ≤ s ≤ t − 1, and the elements of rank 0 are
1, 2, . . . , t− 1. See Figure 2 for an illustration of the Hasse diagram of the poset
P7,8. An order ideal of P is a subset I such that if any y ∈ I and x ≺ y in P ,
then x ∈ I. Denote by J(P ) the set of all order ideals of P .
1 2 3 4 5 6
9 10 11 12 13
17 18 19 20
25 26 27
33 34
41
Figure 2: The Hasse diagram of the poset P7,8.
In the following lemma, we give a characterization of the poset P2k+1,2k+3.
Lemma 2.1 Let k be a positive integer. Then we have
P2k+1,2k+3 = Qk ∪Q′k,
where
Qk = {2i− 1 | 1 ≤ i ≤ k}
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and
Q′k = {2i+ (s− 1)(2k + 3) | 1 ≤ s ≤ 2k, 1 ≤ i ≤ 2k + 1− s}.
Proof. First we aim to show that Qk ∪Q′k ⊆ P2k+1,2k+3. Assume to the contrary
that there exists an element y ∈ Qk∪Q′k such that y is not contained in P2k+1,2k+3.
Choose y to be the smallest such element. Clearly, we have y = 2i+(s−1)(2k+3)
for some 1 ≤ s ≤ 2k and 1 ≤ i ≤ 2k + 1 − s. Since y 6∈ P2k+1,2k+3, we have that
2i + (s − 1)(2k + 3) = m(2k + 1) + n(2k + 3) for some nonnegative integers m
and n. We asset that n = 0. Otherwise, if n > 0, then s > 1. It follows that
y − (2k + 3) = 2i + (s − 2)(2k + 3) ∈ Q′k and y − (2k + 3) = m(2k + 1) + (n −
1)(2k + 3) 6∈ P2k+1,2k+3. This contradicts the fact that y is the smallest element
that we choose. Hence we obtain that y = 2i+(s−1)(2k+3) = m(2k+1). That
is 2i + 2s − 2 = (m − s + 1)(2k + 1). Clearly, we have m > s + 2. Recall that
i ≤ 2k+1−s. This yields that 2i+2s−2 ≤ 4k. Using the fact that m > s+2, we
have (m−s+1)(2k+1) ≥ 4k+2. This implies that 2i+2s−2 < (m−s+1)(2k+1),
which yields a contradiction with the relation 2i+ 2s− 2 = (m− s+ 1)(2k + 1).
Hence, we have Qk ∪Q′k ⊆ P2k+1,2k+3.
To complete the proof of the lemma, it remains to show that P2k+1,2k+3 ⊆
Qk∪Q′k. Let y be an element in P2k+1,2k+3. We proceed to show that y ∈ Qk∪Q′k.
It is apparent that y = x + p(2k + 3) for some 1 ≤ x ≤ 2k + 2, x 6= 2k + 1 and
p ≥ 0. We consider two cases.
Case 1: x is odd. That is y = 2i − 1 + p(2k + 3) for some 1 ≤ i ≤ k and
p ≥ 0. If p = 0, then we have y ∈ Qk. Otherwise, we have y = 2i − 1 +
p(2k + 3) = 2(k + i + 1) + (p − 1)(2k + 3). By setting m = k + i + 1, we have
y = 2m+ (p− 1)(2k+ 3). In order to show that y ∈ Q′k, it suffices to verify that
p ≤ 2k and m ≤ 2k + 1− p. Assume to the contrary that p ≥ 2k + 2−m. Since
P2k+1,2k+3 is an order ideal and y ∈ P2k+1,2k+3, we have 2m+(2k+1−m)(2k+3) =
(2k + 3 −m)(2k + 1) ∈ P2k+1,2k+3. This contradicts the definition of P2k+1,2k+3.
Thus, we have m ≤ 2k + 1 − p. Since m = k + i+ 1 ≥ 1, we have m ≥ 1. This
yields that p ≤ 2k.
Case 2: x is even. That is y = 2i + p(2k + 3) for some 1 ≤ i ≤ k + 1 and
p ≥ 0. In order to show that y ∈ Q′k, it remains to verify that p ≤ 2k − 1 and
i ≤ 2k − p. Assume to the contrary that p ≥ 2k − i + 1. By the definition of
the poset P2k+1,2k+3 and y ∈ P2k+1,2k+3, we have that 2i+ (2k − i+ 1)(2k + 3) =
(2k + 3 − i)(2k + 1) ∈ P2k+1,2k+3. This contradicts the definition of the poset
P2k+1,2k+3. Hence we have concluded that i ≤ 2k − p. Using the fact that i ≥ 1,
we have p ≤ 2k − 1.
Combining the above two cases, we obtain that P2k+1,2k+3 ⊆ Qk ∪ Q′k. This
completes the proof.
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Denote by As = {2i + (s − 1)(2k + 3) | 1 ≤ i ≤ 2k + 1 − s} for 1 ≤ s ≤ 2k.
According to Lemma 2.1, we have P2k+1,2k+3 = Qk ∪ A1 ∪ A2 ∪ . . . ∪ A2k. It is
easily seen that each element x of As+1 covers exactly two elements x− (2k + 3)
and x− (2k+1) in As for all 1 ≤ s ≤ 2k− 1. Moreover, each element 2k+2i+2
covers exactly two elements 2i−1 and 2i+1 for all 1 ≤ i ≤ k−1, and the element
2k + 2 covers the element 1. Hence, the Hasse diagram of the poset P2k+1,2k+3
can be easily constructed by obeying the above rules. For example, the Hasse
diagram of the poset P13,15 is shown in Figure 3.
2 4 6 8 10 12 14 16 18 20 22 24
17 19 21 23 25 27 29 31 33 35 37
32 34 36 38 40 42 44 46 48 50
47 49 51 53 55 57 59 61 63
62 64 66 68 70 72 74 76
77 79 81 83 85 87 89
92 94 96 98 100 102
107 109 111 113 115
122 124 126 128
137 139 141
152 154
167
1 3 5 7 9 11
Figure 3: The Hasse diagram of the poset P13,15.
Denote by M2k+1,2k+3 the poset obtained from P2k+1,2k+3 by removing all the
elements y such that y  2k + 2 and preserving the cover relation among the re-
maining elements. From the Hasse diagram of P2k+1,2k+3, we immediately obtain
the following characterization of the poset M2k+1,2k+3.
Lemma 2.2 Let k be a positive integer. Define
Tk = {2i− 1 + (s− 1)(2k + 3) | 1 ≤ s ≤ k, 1 ≤ i ≤ k + 1− s}
and
T ′k = {2i+ (s− 1)(2k + 3) | 1 ≤ s ≤ k, 1 ≤ i ≤ k + 1− s}.
Then we have M2k+1,2k+3 = Tk ∪ T ′k.
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Relying on Lemma 2.2, we can get the Hasse diagrams of the posetM2k+1,2k+3.
Figure 4 illustrates the Hasse diagram of the poset M13,15.
2 4 6 8 10 12
17 19 21 23 25
32 34 36 38
47 49 51
62 64
77
1 3 5 7 9 11
16 18 20 22 24
31 33 35 37
46 48 50
61 63
76
Figure 4: The Hasse diagram of the poset M13,15.
In the following theorem, Anderson [5] established a correspondence between
core partitions and order ideals of a certain poset by mapping a partition to its
β-set.
Theorem 2.3 Let s, t be two coprime positive integers, and let λ be a partition
of n. Then λ is an s-core (or (s, t)-core) partition if and only if β(λ) is an order
ideal of Ps (or Ps,t).
The following theorem provides a characterization of the β-set of partitions
into distinct parts [13].
Theorem 2.4 The partition λ is a partition into distinct parts if and only if
there doesn’t exist x, y ∈ β(λ) with x− y = 1.
An order ideal I of P is said to be nice if there doesn’t exist x, y ∈ I with
x−y = 1. Denote by L(P ) the set of nice order ideals of the poset P . Combining
Theorems 2.3 and 2.4, we obtain the following result.
Theorem 2.5 Let s, t be two coprime positive integers, and let λ be a partition
of n. Then λ is an s-core (or (s, t)-core) partition into distinct parts if and only
if β(λ) is a nice order ideal of Ps (or Ps,t).
In order to get the enumeration of (2k+1, 2k+3)-core partitions into distinct
parts, we need the notions of Dyck path and free Dyck path. Recall that a Dyck
path of order n is a lattice path in Z × Z from (0, 0) to (2n, 0) using up steps
U = (1, 1) and down steps D = (1,−1), and never lying below the x-axis [7].
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Denote by Dn the set of all Dyck paths of order n. It is well known that Dyck
paths of order n are counted by the n-th Catalan number cn =
1
n+1
(
2n
n
)
. A free
Dyck path is just a Dyck path but without the restriction that it cannot go below
the x-axis. Let FDn denote the set of free Dyck paths from (0, 0) to (2n, 0). By
simple arguments we have that |FDn| =
(
2n
n
)
.
We first describe a bijection φ between the set of order ideals of Pt,t+1 and
the set of Dyck paths from (0, 0) to (2t, 0). To this end, we shall partition
J(Pt,t+1) according to the smallest missing element of rank 0 in an order ideal.
For 1 ≤ i ≤ t− 1, let Ji(Pt,t+1) denote the set of order ideals of Pt,t+1 such that i
is the smallest missing elements of rank 0. Let Jt(Pt,t+1) denote the set of order
ideals containing all the minimal elements of Pt,t+1. Now we are in the position
to construct a Dyck path from I ∈ Jt(Pt,t+1) recursively as follows.
• For 2 ≤ i ≤ t − 1 and an order ideal I ∈ Ji(Pt,t+1), we can decompose I
into three parts: one is {1, 2, . . . , i− 1}, one is isomorphic to an order ideal
I1 of J(Pi−1,i), and one is isomorphic to an order ideal I2 of J(Pt−i,t−i+1).
Define φ(I) = Uφ(I1)Dφ(I2).
• For any order ideal I ∈ J1(Pt,t+1), I is isomorphic to an order ideal I1 of
J(Pt−1,t). Define φ(I) = UDφ(I1).
• For any order ideal I ∈ Jt(Pt,t+1), one can decompose I into two parts: one
is 1, 2, . . . , t− 1 and the other is isomorphic to an order ideal I1 of J(Pt−1,t).
Define φ(I) = Uφ(I1)D.
It is easy to check that the resulting path is a Dyck from (0, 0) to (2t, 0).
Conversely, given a Dyck path P , by the first return decomposition, P can be
uniquely decomposed as
P = UP1DP2,
where P1 and P2 are (possibly empty) Dyck paths. Hence, the above procedure
is reversible and the map φ is a bijection.
For a path P = p1p2 . . . pn where pi ∈ {U,D} for all 1 ≤ i ≤ n, the reverse of
the path, denoted by P , is defined by pnpn−1 . . . p1. For example, the reverse of
the path P = UDDUD is given by DUDDU . It is easily seen that for a Dyck
path P , its reverse P is a free Dyck path which lies weakly below the x-axis.
Denote by L̂(M2k+1,2k+3) the set of order ideals in L(M2k+1,2k+3) which do not
contain the element 1.
Lemma 2.6 Let k be a nonnegative integer. There is a bijection between the set
L̂(M2k+1,2k+3) and the set FDk.
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Proof. First we describe a recursive map ψ from the set L̂(M2k+1,2k+3) to the
set FDk. Let I ∈ L̂(M2k+1,2k+3). For k = 0, let ψ(I) be the empty path. For
k = 1, let ψ(I) = UD if I contains the element 2, and let ψ(I) = DU , otherwise.
Assume that for all 2 ≤ j ≤ k − 1 and an order ideal I ′ ∈ L̂(M2j+1,2j+3) which
contains the element 2j, we have ψ(I ′) ∈ FDj which ends with a down step.
Similarly, for all 2 ≤ j ≤ k − 1 and an order ideal I ′ ∈ L̂(M2j+1,2j+3) which does
not contain the element 2j, we have ψ(I ′) ∈ FDj which ends with an up step.
Now we construct a lattice path from (0, 0) to (2k, 0) as follows.
• If I contains the element 2k, then let 2ℓ be the largest missing even number
satisfying that 0 ≤ ℓ ≤ k − 1. In this case, one can decompose I into three
parts: one is {2ℓ+2, 2ℓ+4, . . . , 2k}, one is isomorphic to an order ideal I ′ of
J(Pk−ℓ,k−ℓ+1), and one is isomorphic to an order ideal I
′′ of L̂(M2ℓ+1,2ℓ+3).
It is easily seen that 2ℓ /∈ I ′′. Set ψ(I) = ψ(I ′′)φ(I ′).
• If I does not contain the element 2k but contains the element 2j for some
1 ≤ j ≤ k − 1, then let ℓ be the largest integer such that I contains
the element 2ℓ. In this case, one can decompose I into two parts: one is
isomorphic to an order ideal I ′ of J(Pk−ℓ,k−ℓ+1), and the other is isomorphic
to an order ideal I ′′ of L̂(M2ℓ+1,2ℓ+3). Clearly, I
′′ contains the element 2ℓ.
Set ψ(I) = ψ(I ′′)φ(I ′).
• If I does not contain the element 2j for all 1 ≤ j ≤ k, then I is isomorphic
to an order ideal I ′ of J(Pk,k+1). Set ψ(I) = φ(I ′).
By induction hypothesise, one can easily check that the resulting path ψ(I) is a
free Dyck path from (0, 0) to (2k, 0). Moreover, the path ψ(I) ends with a down
step if I contains the element 2k, and ψ(I) ends with an up step, otherwise. Thus,
the map ψ is well defined, that is, we have ψ(I) ∈ FDk for any I ∈M(P2k+1,2k+3).
Conversely, for any free Dyck path P ending with a down step, it can be
uniquely decomposed as
P = P ′P ′′
where P ′ is a (possibly empty) free Dyck path ending with an up step and P ′′ is
a Dyck path. Analogously, for any free Dyck path P ending with an up step, it
can be uniquely decomposed as
P = P ′P ′′
where P ′ is a (possibly empty) free Dyck path ending with a down step and P ′′
is the reverse of a Dyck path. Hence for any free Dyck path P ∈ FDk, we can
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recover an order ideal in L̂(M2k+1,2k+3) by reversing the above procedure. This
implies that the map ψ is a bijection, which completes the proof.
By Lemma 2.6, we immediately get the following result on the cardinality of
the set L̂(M2k+1,2k+3).
Lemma 2.7 Let k be a nonnegative integer. The cardinality of the set L̂(M2k+1,2k+3)
is given by
(
2k
k
)
.
Let k ≥ 1. Denote by L˜(M2k+1,2k+3) the set of order ideals of L(M2k+1,2k+3)
which contain neither 1 nor 2k. From the construction of the map ψ, it is easy to
check that the map ψ sends an order ideal I ∈ L˜(M2k+1,2k+3) to a free Dyck path
from (0, 0) to (2k, 0) ending with an up step. The latter is counted by
(
2k−1
k
)
.
Hence, we have the following result.
Lemma 2.8 Let k be a positive integer. The number of nice order ideals of
L˜(M2k+1,2k+3) is counted by
(
2k−1
k
)
.
In the following theorem, we shall obtain the enumeration of the cardinality
of the set L(M2k+1,2k+3).
Theorem 2.9 Let k be a nonnegative integer. The cardinality of the set L(M2k+1,2k+3)
is given by
∑k
i=0
1
i+1
(
2i
i
)(
2k−2i
k−i
)
.
Proof. It is easily seen that the assertion holds for k = 0. For k > 0 and 0 ≤ i ≤ k,
denote by Li(M2k+1,2k+3) the set of order ideals I of L(M2k+1,2k+3) such that 2i+1
is the smallest odd number missing from I. For an order ideal I ∈ Li(M2k+1,2k+3)
where 1 ≤ i ≤ k, we can decompose it into three parts: one is {1, 3, . . . , 2i-1},
one is isomorphic to an order ideal of J(Pi,i+1), and one is isomorphic to an order
ideal of L̂(M2k−2i+1,2k−2i+3). Thus, by Lemma 2.7, we deduce that
|Li(M2k+1,2k+3)| = ci
(
2k − 2i
k − i
)
=
1
i+ 1
(
2i
i
)(
2k − 2i
k − i
)
.
For an order ideal I ∈ L0(M2k+1,2k+3), we can decompose it into two parts:
one is {2, 4, . . . , 2k} and the other is isomorphic to an order ideal of J(Pk,k+1).
Thus, it follows that
|L0(M2k+1,2k+3)| = ck = 1
k + 1
(
2k
k
)
.
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Hence, we have
|L(M2k+1,2k+3)| =
k∑
i=1
|Li(M2k+1,2k+3)|+|L0(M2k+1,2k+3)| =
k∑
i=0
1
i+ 1
(
2i
i
)(
2k − 2i
k − i
)
as desired, which completes the proof.
Recall that Ji(Pt,t+1) is the set of order ideals in J(Pt,t+1) such that the i is
the smallest missing element of rank 0. For t ≥ 2 and 2 ≤ i ≤ t, denote by
J∗i (Pt,t+1) the set of order ideals in Ji(Pt,t+1) in which exactly one element less
than i is marked by a star. Let J∗(Pt,t+1) =
⋃t
i=2 J
∗
i (Pt,t+1).
Lemma 2.10 For t ≥ 1, we have |J∗(Pt+1,t+2)| =
∑t
i=1 icict−i.
Proof. From the construction of the map φ, it is easily seen the the map φ sends
an order ideal in J∗(Pt+1,t+2) to a Dyck path from (0, 0) to (2t + 2, 0) in which
exactly one up step which is to the left of the first return point and to the right
of the first up step is marked by a star. Hence, we have
|J∗(Pt+1,t+2)| =
t∑
i=1
icict−i,
as desired. This completes the proof.
For k ≥ 1, denote by S(P2k+1,2k+3) the set of nice order ideals in J(P2k+1,2k+3)
which contain the element 2k + 2. For 1 ≤ m ≤ k and l ≤ k − m, denote by
Sm,ℓ(P2k+1,2k+3) the set of all order ideals I ∈ S(P2k+1,2k+3) such that 2m + 1 is
the smallest missing odd element from I and 2m+ 2ℓ is the largest missing even
element of rank 0.
Before we deal with the enumeration of the order ideals in S(P2k+1,2k+3), we
need the following lemma.
Lemma 2.11 For k ≥ 1, we have ∑k−1i=0 ci(2k−2i−1k−i ) = (2kk )− ck
Proof. Notice that the number of free Dyck paths from (0, 0) to (2k, 0) whose
steps are weakly above the x-axis is given by ck. Hence the number of free Dyck
paths from (0, 0) to (2k, 0) which have at least one step below x-axis is given by(
2k
k
)− ck. On the other hand, let P = p1p2 . . . p2k ∈ DFk where each pi ∈ {U,D}.
If P has at least one step below the x-axis, then suppose that p2i+1 is the leftmost
down step which is weakly below the x-axis. Then the section p1p2 . . . p2i is a Dyck
path from (0, 0) to (2i, 0), and the remaining section of P is free Dyck path from
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(2i, 0) to (2k, 0) which stars with a down step. Hence, the number of free Dyck
paths from (0, 0) to (2k, 0) which have at least one down step weakly below the
x-axis is given by
∑k−1
i=0 ci
(
2k−2i−1
k−i
)
. Hence, we have
k−1∑
i=0
ci
(
2k − 2i− 1
k − i
)
=
(
2k
k
)
− ck
as desired. This completes the proof.
Now we are in the position to get the enumeration of nice order ideals of
J(P2k+1,2k+3) which contain the element 2k+2. Let Xk,ℓ denot the set of ordered
pairs (I ′, I ′′) where I ′ ∈ L˜(M2ℓ+1,2ℓ+3) and I ′′ ∈ J∗(Pk−ℓ+1,k−ℓ+2). Let Xk =⋃k−1
ℓ=0 Xk,ℓ.
Theorem 2.12 Let k be a positive integer. The cardinality of the set S(P2k+1,2k+3)
is given by
∑k
j=1
j
j+1
(
2j
j
)(
2k−2j
k−j
)
.
Proof. Obviously, the assertion holds for k = 1 since there is exactly one order
ideal in S(P3,5). For k ≥ 2 , we first describe a map γ from the set S(P2k+1,2k+3) to
the setXk. Let I be an order ideal in Sm,ℓ(P2k+1,2k+3) for some 1 ≤ m ≤ k and 0 ≤
ℓ ≤ k−m. Then we can decompose I into three parts: one is {1, 3, . . . , 2m− 1},
one is isomorphic to an order ideal I1 ∈ L˜(M2ℓ+1,2ℓ+3), and one is isomorphic
to an order ideal I2 ∈ J(Pk−ℓ+1,k−ℓ+2). For example, Figure 5 illustrates the
decomposition of an order ideal I of S1,3(P13,15). It can be decomposed into three
parts: one is {1}, one is order-isomorphic to an order ideal in L˜(P7,9) whose
elements lie in the triangles A and B, and one is order-isomorphic to an order
ideal in J(P4,5) whose elements lie in the triangle C.
By assigning a star to the element k−m−ℓ+1, we can obtain a marked order
ideal I ′2 ∈ J∗(Pk−ℓ+1,k−ℓ+2) from I2. Set γ(I) = (I1, I ′2). It is easily seen that the
map γ is well defined. Conversely, given an ordered pair (I ′, I ′′) ∈ Xk,ℓ such that
the element k − ℓ−m+ 1 is marked by a star, we can recover the order ideal I
by reversing the above procedure. Hence, the map γ is a bijection between the
set S(P2k+1,2k+3) and the set Xk. This yields that |S(P2k+1,2k+3)| = |Xk|.
According to the definition of Xk, we have
|Xk| =
k−1∑
ℓ=0
|Xk,ℓ|
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for all k ≥ 2. Notice that the cardinality of the set L˜(M1,3) is given by 1. By
Lemmas 2.8 and 2.10, we deduce that, for k ≥ 2,
|Xk| =
∑k
i=1 icick−i +
∑k−1
ℓ=1
(
2ℓ−1
ℓ
)
(
∑k−ℓ
i=1 icick−ℓ−i)
=
∑k
i=1 icick−i +
∑k−1
i=1 ici(
∑k−i
ℓ=1
(
2ℓ−1
ℓ
)
ck−i−ℓ)
=
∑k
i=1 icick−i +
∑k−1
i=1 ici(
∑k−i−1
m=0 cm
(
2k−2i−2m−1
k−i−m
)
)
=
∑k
i=1 icick−i +
∑k−1
i=1 ici(
(
2k−2i
k−i
)− ck−i) (by Lemma 2.11)
=
∑k
i=1
i
i+1
(
2i
i
)(
2k−2i
k−i
)
as desired. This completes the proof.
2 4 6 8 10 12 14 16 18 20 22 24
17 19 21 23 25 27 29 31 33 35 37
32 34 36 38 40 42 44 46 48 50
47 49 51 53 55 57 59 61 63
62 64 66 68 70 72 74 76
77 79 81 83 85 87 89
92 94 96 98 100 102
107 109 111 113 115
122 124 126 128
137 139 141
152 154
167
1 3 5 7 9 11A C
B
Figure 5: The decomposition of an order ideal of S1,3(P13,15).
We are now ready to complete the proof of Conjecture 1.1.
Proof of Conjecture 1.1. Combining Theorems 2.9 and 2.12, we deduce that the
number of (2k + 1, 2k + 3)-core partitions into distinct parts is given by
|L(M2k+1,2k+3)|+ |S(P2k+1,2k+3)| =
k∑
i=0
(
2i
i
)(
2k − 2i
k − i
)
.
Notice that
1
1− 4x = (
1√
1− 4x)
2 = (
∑
n≥0
(
2n
n
)
xn)2.
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By comparing the coefficient of xk in the above formula, we have
∑k
i=0
(
2i
i
)(
2k−2i
k−i
)
=
22k. This yields that
|L(M2k+1,2k+3)|+ |S(P2k+1,2k+3)| = 22k. (2.1)
Substituting k = s−1
2
in (2.1), we are led to a proof of Conjecture 1.1.
3 Proof of Conjecture 1.2
In this section, we shall construct a partition κk for any integer k ≥ 0. It turns
out that κk is the unique (2k+1, 2k+3)-core partitions into distinct parts which
has the largest size. This leads to a proof of Conjecture 1.2.
The following four lemmas give a characterization of the largest (2k+1, 2k+3)-
core partitions with distinct parts whose β-set is contained in L(M2k+1,2k+3).
Denote by Bs (resp. B
′
s ) the set of elements of rank s in Tk (resp. T
′
k). By
Lemma 2.2, we have Bs = {2i − 1 + (s − 1)(2k + 3) | 1 ≤ i ≤ k + 1 − s} and
B′s = {2i+ (s− 1)(2k + 3) | 1 ≤ i ≤ k + 1− s} for all 1 ≤ s ≤ k.
Lemma 3.1 Let λ be a (2k + 1, 2k + 3)-core partitions into distinct parts which
has the largest size. If β(λ) ∈ L(M2k+1,2k+3) and β(λ) contains an element x in
Bs(resp. B
′
s), then β(λ) contains all the element y ∈ Bs ( resp. y ∈ B′s) when
y > x.
Proof. It suffices to show that β(λ) also contains the element x+2 if β(λ) contains
an element x in Bs(resp. B
′
s) and x+2 ∈ Bs (resp. x+2 ∈ B′s). If not, we choose
s to be the smallest integer for such Bs (resp. B
′
s) and let x be the smallest such
number once s is determined. If s ≥ 1, then replace y by y + 2 if y  p for some
p ≤ x and p ∈ Bs (resp. p ∈ B′s). Otherwise, replace y by y + 1 if y  p for
some p ≤ x and p ∈ B0 (resp. p ∈ B′0). By this process, we obtain a new nice
order ideal β ′ of M2k+1,2k+3. It is easily seen that β
′ has the same number of
parts as β(λ) and a larger sum of the elements. By relation (1.1), the size of the
(2k+1, 2k+3)-core partition into distinct parts corresponding to β ′ is larger than
λ, which contradicts the assumption that λ is a (2k + 1, 2k + 3)-core partitions
into distinct parts which has the largest size. This completes the proof.
Denote by Ut the unique order ideal which contains all the elements of Pt,t+1.
For 1 ≤ i ≤ 2k, let βi,0 denote the unique nice order ideal in M2k+1,2k+3 which is
isomorphic to Uk−⌊ i+1
2
⌋+1 and contains all the elements i+ 2, i+ 4, . . . , i+ 2(k −
⌊ i+1
2
⌋). For 1 ≤ i ≤ 2k and 1 ≤ j ≤ k−⌊ i+1
2
⌋+1, let βi,j be the union of βi,0 and
13
the chain consisting of i, i + 2k + 3, . . . , i + (j − 1)(2k + 3). See Figure 6 for an
illustration of the order ideal β4,3. For 1 ≤ j ≤ k, denote by γk,j be the union of
β1,k and the chain consisting of 2k+2, 2k+2+(2k+3), . . . , 2k+2+(j−1)(2k+3).
2 4 6 8 10 12
17 19 21 23 25
32 34 36 38
47 49 51
62 64
77
1 3 5 7 9 11
16 18 20 22 24
31 33 35 37
46 48 50
61 63
76
Figure 6: The order ideal β4,3.
It is easy to check that both βi,j and γk,j are nice order ideals of P2k+1,2k+3. Let
λi,j (resp. µk,j) be the unique partition such that β(λi,j) = βi,j (resp. β(µk,j) =
γk,j ). By Theorem 2.5, both λi,j and µk,j are (2k+1, 2k+3)-core partitions with
distinct parts.
Lemma 3.2 Fix k ≥ 1. Let λ be a (2k + 1, 2k + 3)-core partition into distinct
parts such that β(λ) ∈ L(M2k+1,2k+3). If λ if of maximum size, then there exist
some integers 1 ≤ i ≤ 2k and 1 ≤ j ≤ k − ⌊ i+1
2
⌋ + 1 such that β(λ) = βi,j.
Proof. Let i be the minimal integer of rank 0 in β(λ) and j be the maximal integer
such that i+(j−1)(2k+3) is contained in β(λ). We claim that i+2+m(2k+3)
is contained in β(λ) for all 0 ≤ m ≤ k − ⌊ i+1
2
⌋ − 1. Assume to the contrary that
the claim is not valid, that is, there exists some integer ℓ such that β(λ) does not
contain the element i+2+ℓ(2k+3). We choose s to be the smallest such integer.
By Lemma 3.1, we have s > j − 1. By replacing the element i+ (j − 1)(2k + 3)
by the element i+2+ s(2k+3), we get a new nice order ideal β ′ of J(P2k+1,2k+3).
It is easy to check that β ′ has the same cardinality as β(λ) and has a larger sum
of the elements. By relation (1.1), the size of the partition corresponding to β ′
is larger than that of λ. This yields a contradiction with the fact that λ has the
largest size, which completes the proof of the claim. Combining the claim and
Lemma 3.1, we have β(λ) = βi,j. This completes the proof.
Lemma 3.3 For 1 ≤ i ≤ 2k, we have |λi,j| ≤ |λi,k−⌊ i+1
2
⌋+1| for 1 ≤ j ≤ k −
⌊ i+1
2
⌋ + 1, with the equality holding if and only if j = k − ⌊ i+1
2
⌋ + 1. Moreover,
we have |λi,k−⌊ i+1
2
⌋+1| > |λi+2,k−⌊ i+1
2
⌋| for all k ≥ 3 and 1 ≤ i ≤ 2k − 2.
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Proof. By relation (1.1), the size of λi,j is given by
|λi,j| =
∑
h∈βi,j
h− (|βi,j |
2
)
=
∑
h∈βi,0
h +
∑j−1
p=0(i+ p(2k + 3))−
(
|βi,0|+j
2
)
=
∑
h∈βi,0
h− (|βi,0|
2
)
+
∑j−1
p=0(i+ p(2k + 3))−
(
|βi,0|+j
2
)
+
(
|βi,0|
2
)
= |λi,0|+ ij +
(
j
2
)
(2k + 2)− j|βi,0|
(3.1)
By the definition of βi,0, we obtain that
|βi,0| =
(
k − ⌊ i+1
2
⌋ + 1
2
)
. (3.2)
Hence, we have
|λi,j| = |λi,0|+ ij +
(
j
2
)
(2k + 2)− j
(
k − ⌊ i+1
2
⌋+ 1
2
)
. (3.3)
In particular, we have
|λi,k−⌊ i+1
2
⌋+1|−|λi,0| =


(k +m+ 1)
(
k−m+1
2
)
+ 2m(k −m+ 1) if i=2m,
(k +m+ 1)
(
k−m+1
2
)
+ (2m− 1)(k −m+ 1) if i=2m-1,
(3.4)
and
|λi,1| − |λi,0| =


−(k−m+1
2
)
+ 2m if i=2m,
−(k−m+1
2
)
+ 2m− 1 if i=2m-1. (3.5)
This implies that if i < 2k − 1, then
|λi,k−⌊ i+1
2
⌋+1| > |λi,1|. (3.6)
Moreover, when i = 2k or 2k − 1, we have
|λi,k−⌊ i+1
2
⌋+1| = |λi,1|. (3.7)
For fixed k and i, we see that λi,j is a quadratic function of j with a positive
leading coefficient. Hence the maximum value of λi,j is obtained at j = 1 or
j = k−⌊ i+1
2
⌋+1 when j ranges over [1, k−⌊ i+1
2
⌋+1]. In view of (3.6) and (3.7),
we have |λi,j| ≤ |λi,k−⌊ i+1
2
⌋+1| for 1 ≤ j ≤ k−⌊ i+12 ⌋+1, with the equality holding
if and only if j = k − ⌊ i+1
2
⌋+ 1. This completes the proof of the first part of the
lemma.
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From the definition of βi+1,0, we have βi,k−⌊ i+1
2
⌋+1 = βi−2,0 for all 3 ≤ i ≤ 2k.
In view of (3.4), we have |λi,k−⌊ i+1
2
⌋+1| > |λi,0| = |λi+2,k−⌊ i+1
2
⌋| for all k ≥ 3 and
1 ≤ i ≤ 2k − 2. This completes the proof.
Lemma 3.4 Fix k ≥ 1. Let λ be a (2k + 1, 2k + 3)-core partition into distinct
parts such that β(λ) ∈ L(M2k+1,2k+3). If λ is of maximum size, then β(λ) = β2,k.
Proof. From lemmas 3.2 and 3.3, we have β(λ) = β2,k or β1,k. According to the
definition of β1,k and β2,k, it is easy to verify that
|β1,k| = |β2,k|
and ∑
h∈β2,k
h =
∑
h∈β1,k
h+
k(k + 1)
2
.
By relation (1.1), we have
|λ2,k| − |λ1,k| = k(k + 1)
2
> 0. (3.8)
Hence we have β(λ) = β2,k as desired, which completes the proof.
Now we proceed to deal with the largest (2k + 1, 2k + 3)-core partitions with
distinct parts and its β-set is contained in S(P2k+1,2k+3). Given positive integers
a ≤ b, we denote {a, a+ 1, . . . , b} by [a, b].
Recall that Qk = {2i − 1 | 1 ≤ i ≤ k} and As = {2i + (s − 1)(2k + 3) | 1 ≤
i ≤ 2k + 1− s} for 1 ≤ s ≤ 2k.
Lemma 3.5 Let λ be a (2k + 1, 2k + 3)-core partitions into distinct parts which
has the largest size. If β(λ) ∈ S(P2k+1,2k+3), then β(λ) contains all the elements
of Qk.
Proof. If not, suppose that 2m + 1 is the smallest missing odd element of rank
0 from β(λ) for some 1 ≤ m ≤ k − 1. Let ℓ be the largest integer such that the
element 2m + 2ℓ is missing from β(λ) once m is determined. By the definition
of Sm,ℓ(P2k+1,2k+3), we have β(λ) ∈ Sm,ℓ(P2k+1,2k+3). As in the proof of Theorem
2.12, β(λ) can be decomposed into three parts I1, I2, I3, where
• I1 = {1, 3, . . . , 2m− 1};
• I2 is isomorphic to an order ideal of L˜(M2ℓ+1,2ℓ+3);
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• I3 is isomorphic to an order ideal of J(Pk−ℓ+1,k−ℓ+2).
To be more precise, I2 consists of the elements y ∈ I such that y  p for some
p ∈ [2m + 1, 2m + 2ℓ], whereas I1 ∪ I3 consists of the elements y ∈ I such that
y  p for some p ∈ [1, 2m] ∪ [2m+ 2ℓ+ 1, 2k + 2].
We proceed to construct a new order ideal β ′ of P2k+1,2k+3 by the following
procedure.
• Firstly, replace I1 by {1, 3, . . . , 2m+ 1};
• Secondly, replace each element y of I2 by y + 1;
• Finally, replace each element y of I3 by y + 2.
Suppose that the cardinality of I3 is given by x. It is easily seen that
|β ′| = |β(λ)|+ 1
and∑
h∈β′
h =
∑
h∈β(λ)
h+2x+2m+1+ |β(λ)| − (x+m) =
∑
h∈β(λ)
h+ x+m+1+ |β(λ)|.
By relation (1.1), the size of the (2k+1, 2k+3)-core partition into distinct parts
corresponding to β ′ is given by∑
h∈β′ h−
(
|β′|
2
)
=
∑
h∈β(λ) h + |β(λ)|+ x+m+ 1−
(
|β(λ)|+1
2
)
=
∑
h∈β(λ) h−
(
|β(λ)|
2
)
+ |β(λ)|+ 1 + x+m− (|β(λ)|+1
2
)
+
(
|β(λ)|
2
)
= |λ|+ x+m+ 1.
This yields that the partition corresponding to β ′ has a larger size than λ, which
contradicts the assumption that λ is a (2k+1, 2k+3)-core partitions into distinct
parts which has the largest size. This completes the proof.
Lemma 3.6 Fix s ≥ 1. Let λ be a (2k + 1, 2k + 3)-core partitions into distinct
parts which has the largest size. If β(λ) ∈ S(P2k+1,2k+3) and β(λ) contains an
element x ∈ As, then β(λ) contains all the elements y ∈ As when y > x.
Proof. It suffices to show that β(λ) also contains the element x+2 if β(λ) contains
an element x ∈ As. If not, we choose s to be the smallest such integer and let
x be the smallest such number once s is determined. We can obtain a new nice
order ideal β ′ of P2k+1,2k+3 by replacing each element y by y + 2 if y  p such
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that p ≤ x and p is of rank s. It is easily seen that β ′ has the same number of
parts as β(λ) and a larger sum of the elements. By relation (1.1), the size of the
(2k+1, 2k+3)-core partition into distinct parts corresponding to β ′ is larger than
λ, which contradicts the assumption that λ is a (2k + 1, 2k + 3)-core partitions
into distinct parts which has the largest size. This completes the proof.
Lemma 3.7 Fix k ≥ 1. Let λ be a (2k + 1, 2k + 3)-core partition into distinct
parts such that β(λ) ∈ S(P2k+1,2k+3). If λ is of maximum size, then there exist
some integer 1 ≤ i ≤ k such that β(λ) = γk,i.
Proof. Let i be the maximal integer such that β(λ) contains the element 2k +
2 + (i − 1)(2k + 3). Let j be the maximal integer such that β(λ) contains the
element 1 + (j − 1)(2k + 3) once i is determined. By Lemma 3.6, we have i < j.
we claim that β(λ) contains the element 1 + m(2k + 3) for all 0 ≤ m ≤ k. If
not, suppose that ℓ is the smallest integer such that β(λ) does not contain the
element 1+ ℓ(2k+3). It is easy to check that ℓ > j−1. By replacing the element
2k + 2 + (i − 1)(2k + 3) by the element 1 + ℓ(2k + 3), we get a new nice order
ideal β ′ of P2k+1,2k+3. It is easy to check that β
′ has the same cardinality as β(λ)
and has a larger sum of the elements. By relation (1.1), the size of the partition
corresponding to β ′ is larger than that of λ. This yields a contradiction with the
fact that λ has the largest size, which completes the proof of the claim. Combining
the claim and Lemmas 3.5 and 3.6, we have β(λ) = γk,i. This completes the proof.
Lemma 3.8 Let k ≥ 2. We have |µk,i| ≤ |µk,k| for 1 ≤ i ≤ k, with the equality
holding if and only if i = k.
Proof. By relation (1.1), the size of µk,i is given by
|µk,i| =
∑
h∈γk,i
h− (|γk,i|
2
)
=
∑
h∈β1,k
h+
∑i−1
p=0(2k + 2 + p(2k + 3))−
(
|β1,k|+i
2
)
=
∑
h∈β1,k
h− (|β1,k|
2
)
+
∑i−1
p=0(2k + 2 + p(2k + 3))−
(
|β1,k|+i
2
)
+
(
|β1,k|
2
)
= |λ1,k|+ (2k + 2)
(
i+1
2
)− i|β1,k|.
(3.9)
By the definition of β1,k, we obtain that
|β1,k| =
(
k + 1
2
)
. (3.10)
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Hence, we have
|µk,i| = |λ1,k|+ (2k + 2)
(
i+ 1
2
)
− i
(
k + 1
2
)
. (3.11)
In particular, we have
|µk,k| − |λ1,k| = (k + 2)
(
k + 1
2
)
=
k(k + 1)(k + 2)
2
(3.12)
and
|µk,1| − |λ1,k| = −k
2 − 3k − 4
2
. (3.13)
In view of (3.12) and (3.13), we deduce that
|µk,k| − |µk,1| = k(k+1)(k+2)2 + k
2−3k−4
2
= k
3+4k2−k−4
2
= (k−1)(k+1)(k+4)
2
.
(3.14)
For k ≥ 2, it is easy to verify that (k−1)(k+1)(k+4)
2
> 0. Hence, for k ≥ 2, we
have
|µk,k| > |µk,1|. (3.15)
For fixed k, we see that µk,i is a quadratic function of i with a positive leading
coefficient. Hence the maximum value of µk,i is obtained at i = 1 or i = k when
i ranges over [1, k]. In view of (3.15), we have |µk,i| ≤ |µk,k| for 1 ≤ j ≤ k, with
the equality holding if and only if i = k. This completes the proof.
In view of (3.8) and (3.12), we have |µk,k| > |λ2,k| for all k ≥ 2. One can
easily verify that |µ1,k| > |λ2,k| for k = 1. Hence, from Lemmas 3.3, 3.7, and 3.8,
we deduce the following result.
Theorem 3.9 Fix k ≥ 1. Let λ be a (2k + 1, 2k + 3)-core partition into distinct
parts which has the largest size. Then we have λ = µk,k.
Now we are ready to derive the largest size of (2k + 1, 2k + 3)-core partitions
into distinct parts.
Theorem 3.10 Let k ≥ 0. The largest size of (2k + 1, 2k + 3)-core partitions
into distinct parts is given by k(k+1)(k+2)(5k+11)
24
.
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Proof. Clearly, the assertion holds for k = 0. For k ≥ 1, Let λ be a (2k+1, 2k+3)-
core partition into distinct parts which has the largest size. By Theorem 3.9, we
have λ = µk,k. In view of (3.12), we have
|λ| = |µk,k| = |λ1,k|+ k(k + 1)(k + 2)
2
. (3.16)
By relation (1.1) and the definition of β1,k, we have
|λ1,k| =
∑k−1
j=0(k − j)(2j + 1) +
∑k
j=1 j(k − j)(2k + 3)−
((k+12 )
2
)
(3.17)
By simple computation, from (3.16) and (3.17), we can deduce that
|λ| = |µk,k| = k(k + 1)(k + 2)(5k + 11)
24
,
as desired.
Let s be an odd positive integer. Substituting k = s−1
2
in Theorem 3.10, we
are led to a proof of Conjecture 1.2.
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